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Abstract—Regularized filaments method is proposed for reconstruction problem of the toroidal plasma boundary from
external magnetic measurements. Efficiency of proposed method
was studied on the example of the analytical solution of the
direct problem of plasma equilibrium in different experimental
conditions. Method applied for numerical simulations of magnetic
diagnostics system on the tokamak T-15M.

are based on the following approaches: toroidal harmonics [2],
filaments (mobile [3], fixed [4]) and integral equations [5].
Proposed in work method is based on the use of filaments.

I. I NTRODUCTION

ψ(r, z) = ψext (r, z) + ψpl (r, z),

Definition of extreme magnetic surface on the basis of
experimentally measured external magnetic fields is one of
the major problems of magnetic plasma diagnostics in tokamak devices. This task is formulated as an inverse MHDequilibrium problem for determination of boundary magnetic
surface and is described as 2D elliptic differential equation of
Grad–Shafranov [1] with additional Cauchy conditions on the
measurements contour
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here ψ(r, z) — function of the poloidal magnetic field flux,
jϕ (r, ψ) — toroidal current in the plasma, Ikext — external
control currents in the number of m, (rk , zk ) — their positions,
δ(r, z) — two-dimension delta-function, Ωpl — a plasma
region bounded by Γpl , Ωv — vacuum domain outside the
plasma region, Ωext — area outside the vacuum chamber,
F1 , F2 — tangential and normal components of poloidal
magnetic field on contour of measurements L ∈ Ωv . Level
line for the function ψ(r, z), passing through a given point
(r0 , z0 ) from domain Ωv , is unknown determined boundary.
The point (r0 , z0 ) is taken either as a separatrix point (rs , zs ),
where gradient ψ(rs , zs ) = 0, or as a touch point (r0 , z0 )
of diaphragm Γd , assigned by the condition ψ(r0 , z0 ) =
max ψ(r, z). Basic methods for solving the inverse problem
(r,z)∈Γd

II. I NVERSE PROBLEM
Total magnetic field ψ(r, z) is represented in a form

here ψext (r, z) — flux from external control current coil Ikext ,
is described by the next formula
m

ψext (r, z) =

Ikext G(r, z, rk , zk ),
k=1

ψpl (r, z) — plasma poloidal flux. The function G(r, z, r , z  )
is Green’s function for operator ∗ ψ in the unbounded
domain:
√


G(r, z, r , z ) = π1 krr 1 − k 2 /2 K(k) − E(k) ;
k 2 = 4rr (r + r )2 + (z − z  )2 ,
here K(k), E(k) — full elliptic integrals of first and second
kind. We set the next inverse problem for obtaining own
plasma field after excretion the known external field from full
magnetic field:
∗ ψpl = 0, (r, z) ∈ Ωv ,
∂ψpl
pl ∂ψpl
pl
∂n L = F1 , ∂τ L = F2 ,

(2)

here F1pl and F2pl — tangential and normal components of
plasma magnetic fields at viewing contour L ∈ Ωv . Problem (2) is solved in the annular domain Ωv , where viewing
contour L is the outer boundary of the ring and unknown
plasma boundary Γpl is the inner boundary of the ring.
III. F ILAMENTS METHOD
The filaments method implies the replacement of plasma
column with the set of current rings. Current values are chosen
from the condition of minimum norm of the deviation of the
magnetic signal created by filaments from the measured signal.

TABLE I
R ESULTS OF CALCULATIONS

At this approach the distributed plasma current jϕ (r, z) is
substituted by the sum of concentrated sources (filaments):
M

jϕ (r, z) =

Ii δ(r − ri , z − zi ), (ri , zi ) ∈ Ωpl ,

No

Parameters

max |δψi | · 10−2

max |δΓi | · 10−2

1

N=M=11
21
41
81

11.13
1.96
0.68
0.46

4.39
0.85
0.30
0.18

2

δ = 0.5%
1.0
2.5
5.0

1.09
1.42
3.48
9.84

0.59
0.84
1.70
3.93

2.69
4.92
2.78
3.20

1.89
2.02
1.89
2.76

i=1

here (ri , zi ), Ii — coordinates and current values in filaments;
M — filaments number. Currents Ii , in filaments, approximate
the plasma flow ψpl (r, z), and represent in a form
M

ψpl (r, z) =

Ii G(r, z, ri , zi ), (ri , zi ) ∈ Ωpl .
i=1
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For solution of the inverse problem (2) it is necessary to
minimize the functional of discrepancy J(I1 , . . . , IM ) in the
next form
J(I1 , . . . , IM ) =
N

i=1

N

i=1

I1 ,...,IM

here N — number of observation points, pi , qi — weights,
with which sensor readings are included in the functional (in
particular, if sensors measure only the tangential component
of the field, then pi = 1, qi = 0); Br , Bn — the magnetic
field components, defined as:
1
1
(ψ, τ ), Bn =
(ψ, n),
2πr
2πr

here τ , n — the tangent and normal vectors on the contour
of the observation. The inverse problem (2) is ill-posed, that’s
why Tikhonov regularization algorithm [6] with the choice of
the regularization parameter by the discrepancy principle and
the search for solutions in the space L2 was applied.
IV. R ESULTS OF CALCULATIONS
The described algorithm was applied to the case of the
analytical task of the magnetic field. As a solution to the
direct problem (1) for the Grad-Shafranov equation Solovyov
equilibrium was chosen
ψ(r, z) =

(r22
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here r1 = rmin , r2 = rmax , σ = 1/l, l — ellipticity of the
plasma cross-section, R = 0.5(r1 + r2 ) — major radius of the
torus, a = 0.5(r2 − r1 ) — minor radius, ψp = 0 — value of
the function ψ(r, z) at the plasma boundary Γpl . The field of
the plasma was calculated on the basis of Green’s formula in
the form of
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r ∂n
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ρL
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1.25
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here contour Γpl (level line the function ψ(r, z)) is given in a
parametrical form as


r(t) = (r22 + r12 )/2 + (r22 − r12 )/2 · cos t,
z(t) = (r22 − r12 )/4k/r(t) · sin t,
t — poloidal angle. While calculating the integral quadrature
formulas are constructed with taking into account the logarithmic singularity of the kernel


r
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− 1.75 ,
G(r, z, r , z ) =
ln
2π
ρ
here ρ — distance between two points (r, z), (r , z  ) near
singularity.
Table I shows the results of three different options
for solving the inverse problem. The geometrical characteristics of the plasma were asked the following:
r1 = 3.0, r2 = 5.0, σ = 2/3. Filaments and observation
points located on ellipses with a common center at the point
(R, 0), minor radius ρl = 0.75 and ρL = 1.25 respectively,
ellipticity σ = 1.0. As a initial data we used only Bτ . Quality
indicators for solving the inverse problem (2) use two rates:
max |δψpl |·10−2 and max |δΓpl |·10−2 , here δψpl = ψpl − ψ̃pl ,
ψpl , ψ̃pl — exact
 and approximate solutions, respectively, and
∂ψ
δΓpl = δψpl ∂npl .
Option No.1 corresponds to different numbers of observation points N and filaments M . It is seen that with increasing
both N and M the quality of the inverse problem solution
improves.
In the version No.2 an error in the observation points was
modeled with the help of the perturbation of initial data
by uniformly distributed random variable. When increasing
the relative error from 0.5% to 5.0% the solution accuracy
deteriorates.
The version No.3 shows the dependence of solution accuracy on the distance between observation points and the
unknown boundary (ρL = 1.125, 1.4) at a fixed column
geometrical parameters (minor radius and elongation of the

magnetic measurements. The effectiveness of the proposed
method in different experimental conditions was studied on
the example of the analytical solution of the direct problem
of MHD plasma equilibrium. The proposed method and its
program implementation can be used for experimental data
processing.
This work was supported by the Russian Foundation for
Basic Research, project No. 11–07–00567.
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Fig. 1. Exact and reconstructed boundaries of plasma (Γ), L — measuring
contour, + — filaments
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